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INTRODUCING EXAMPLE



Knizhnik-Zamolodchikov differential equations
(H(V), 1H(V)) : ring of holomorphic functions over V = C̃n

∗, the universal
covering of Cn

∗ := {z = (z1, . . . , zn) ∈ Cn|zi 6= zj for i 6= j}.
H(V)〈〈Tn〉〉 : ring of series over Tn := {ti,j}1≤i<j≤n with coefficients in H(V)
and is equipped the disc. topo., i.e. for any S ,T ∈ H(V)〈〈Tn〉〉,

d(S ,T ) = 2̟(S−T ), where ̟(S) =

{
+∞ if S = 0,

inf
w∈supp(S)

|w | if S 6= 0.

(KZn) dF = ΩnF , where Ωn(z) :=
∑

1≤i<j≤n

ti,j
2iπd log(zj − zi ).

Example (T2 = {t1,2}, KZ2 : trivial case)

With Ω2(z) = (t1,2/2iπ)d log(z1 − z2), dF = Ω2F admits, in H(C̃2
∗)〈〈T2〉〉,

F (z1, z2) = et1,2/2iπ log(z1−z2) = (z1 − z2)
t1,2/2iπ as solution.

For n > 2, solutions of (KZn) can be computed by iterations of pointwise
convergence, for the disc. topo. over H(V)〈〈Tn〉〉.

Example (Picard’s iteration)

F0(z0, z) = 1H(V) and Fl(z0, z) = Fl−1(z0, z) +
z∫
z0

Ωn(s)Fl−1(z0, s).
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Integrability and dévissage

According to Drinfel’d, (KZn) is completely integrable if Ωn is flat, i.e.

dΩn − Ωn ∧ Ωn = 0.

It turns out that this condition induces the following quadratic relations
among {ti,j}1≤i<j≤n (Kohno’s lemma) :

Rn =





[ti,k + tj,k , ti,j ] = 0 for distinct i , j , k and 1 ≤ i < j < k ≤ n,
[ti,j + ti,k , tj,k ] = 0 for distinct i , j , k and 1 ≤ i < j < k ≤ n,

[ti,j , tk,l ] = 0 for distinct i , j , k , l and
{
1 ≤ i < j ≤ n,
1 ≤ k < l ≤ n,

generating the Lie ideal of relators, JRn
. Solutions of KZn can be then

iteratively computed over H(V)〈〈Tn〉〉 and then over H(V)〈〈Tn〉〉/JRn
.

For zn → zn−1

Ωn(z) =
∑

1≤i<j≤n−1

ti,j

2iπ

d(zj − zi )

zj − zi
︸ ︷︷ ︸

Ωn−1(z)←→Tn−1

+

n−2∑

j=1

ti,n

2iπ

d(zn − zj)

zn − zj
+

tn−1,n

2iπ

d(zn − zn−1)

zn − zn−1
︸ ︷︷ ︸
c.f. Lappo-Danilevsky’s hyperlogarithms

.
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KZ3 : simplest non-trivial case, T3 = {t1,2, t1,3, t2,3}

Ω3 = (2iπ)−1[t1,2d log(z1 − z2) + t1,3d log(z1 − z3) + t2,3d log(z2 − z3)].

dF = Ω3F can be computed by the sequence {Vl}l≥0 (on H(C̃3
∗)〈〈T3〉〉)

defined by V0(z) = et1,2/2iπ log(z1−z2) and recursively

Vl(z) = V0(z)
z∫
0

e−t1,2/2iπ log(s1−s2)Ω̃2(s)Vl−1(s),

where Ω̃2(z) = (2iπ)−1[t1,3d log(z1 − z3) + t2,3d log(z2 − z3)].

∑
l≥0

Vl = V0G , where

G (z) =
∑
l≥0

∑
i1,...,il∈{0,2}

z∫
0

ωi1,3(s1)ϕ
(0,s1)(ti1,3) . . .

sl−1∫
0

ωil ,3(sl )ϕ
(0,sl )(til ,3)

=
∑
l≥0

∑
i1,...,il∈{0,2}

z∫
0

ωi1,3(s1) . . .
sl−1∫
0

ωil ,3(sl )ϕ
(0,s1)(ti1,3) . . . ϕ

(0,sl )(til ,3)︸ ︷︷ ︸
=ϕ(0,z)(ti1,3...til ,3)

and ϕ is the chronological conc-morphism of C〈T3〉 defined, for a subdivision

(0, s1, . . . , sk , z) of 0 z , by ϕ(0,z)(ti,3) = e
ad−t1,2/2iπ log(z1−z2)ti,3 (i = 1 or 2)

and ϕ(0,z)(ti1,3 . . . til ,3) = ϕ(0,s1)(ti1,3) . . . ϕ
(0,sl )(til ,3).
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Noncommutative generating series of polylogarithms

dG = (ϕ(t1,3)ω1,3 + ϕ(t2,3)ω2,3)G ,

{
ω1,3(z) = (2iπ)−1d log(z1 − z3),
ω2,3(z) = (2iπ)−1d log(z2 − z3).

In (P1,2) : z1 − z2 = 1, ϕ ≡ Id and then, putting (z1, z2, z3) = (1, 0, s),

dG = (x1ω1 + x0ω0)G ,

{
x0 = t1,3/2iπ, ω0(s) = d log(s),
x1 = −t2,3/2iπ, ω1(s) = −d log(1− s).

This can be solved by Picard’s iteration :

Cs0 s :=
∑

w∈X∗

αs
s0
(w)w , where αs

s0
(w) =





1H(B) if w = 1X∗ ,
s∫
s0

ωi (t)α
t
s0
(u) if w = xiu,

where (X ∗, 1X∗) is the free monoid generated by X := {x0, x1} and

(H(B), 1H(B)) is the ring of holomorphic functions over B := ˜C \ {0, 1}.
Let {Pl}l∈LynX be the basis of LieH(B)〈X 〉, in duality with the pure
transcendence basis {Sl}l∈LynX of (H(B)〈X 〉, ⊔⊔).

Let Li• be the ⊔⊔ -character defined, over the algebraic basis LynX , by
Li1X∗ = 1H(B), Lix0(s) = log(s), Lix1(s) = − log(1− s) and

Lixiw (s) =
s∫
0

ωi (σ)Liw (σ), for xiw ∈ LynX \ X ⊂ x0X
∗x1.

{Lil}l∈LynX (resp. {Liw}w∈X∗) are H(B)-algebraically (resp. linearly) free.
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Solution of KZ3 using n.g.s. of polylogarithms

L :=
∑

w∈X∗

Liww =
ց∏

l∈LynX

eLiSl Pl and ΦKZ :=
ց∏

l∈LynX\X

eLiSl (1)Pl .

L satisfies also dG = (x1ω1 + x0ω0)G and then L(s) = Cs0 sL
−1(s0).

For s0 → 0, L(s) normalizes Cs0 s and L(s0) is a counter term.
lim
s→0

L(s)e−x0 log s = 1 and lim
z→1

ex1 log(1−s)L(s) = ΦKZ ,

⇐⇒ L(s) ∼0 e
x0 log s and L(s) ∼1 e

−x1 log(1−s)ΦKZ .

Let g : s 7−→
s − z2

z1 − z2
be the homo. transf. mapping {z2, z1} to {0, 1}.

Then L(g(s)) = L
( s − z2

z1 − z2

)
is a particular solution of (KZ3) in (P1,2).

So does 3 L
( s − z2

z1 − z2

)
(z1 − z2)

(t1,2+t1,3+t2,3)/2iπ.

Since [t1,2 + t2,3 + t1,3, t] = 0, for t ∈ T3, then (z1 − z2)
(t1,2+t2,3+t1,3)/2iπ

commutes with t and then with H(C̃3
∗)〈〈T3〉〉. Thus, (KZ3) also admits

(z1 − z2)
(t1,2+t1,3+t2,3)/2iπL

( s − z2

z1 − z2

)
as a particular solution in (P1,2).

3. (z1 − z2)
(t1,2+t2,3+t1,3)/2iπ = e((t1,2+t2,3+t1,3)/2iπ) log(z1−z2), being independent

on z3 = s and then belonging to the differential Galois group of KZ3.
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ALGEBRAIC COMBINATORIAL FRAMWORKS



Some notations on free Lie algebra and on shuffle algebra

Tn generates the free monoid (T ∗n , 1T ∗
n
) in which conc (resp. ∆conc)

denotes the concatenation product (resp. co-product).
A〈〈Tn〉〉 and A〈Tn〉 (resp. LieA〈〈Tn〉〉 and LieA〈Tn〉) are the (resp. Lie)
algebras of series and of polynomials over Tn with coefficients in the
integral ring A.

Let r be the right normed bracketing defined by r(1T ∗
n
) = 0 and

r(t1 . . . tk) = [t1, [. . . , [tk−1, tk ] . . .] = adt1 . . . adtk−1
tk .

Let the product ⊔⊔ be defined, for any x , y ∈ Tn and u, v ∈ T ∗n , by
u⊔⊔1T ∗

n
= 1T ∗

n
⊔⊔u = u and xu⊔⊔yv = x(u⊔⊔yv) + y(v⊔⊔xu), or

equivalently, ∆⊔⊔ x = x ⊗ 1T ∗
n
+ 1T ∗

n
⊗ x .

Let |v |t be the number of occurrences of t in v = t1 . . . tm ∈ T
∗
n and

ṽ = tm . . . t1, a(v) = (−1)|v|ṽ , v̂ = ⊔⊔

t∈Tn

t |v|t .

Hence, for any S and R ∈ A〈〈Tn〉〉,

a(S) =
∑

w∈T ∗
n

〈S |w〉a(w) and

{
a(SR) = a(R)a(S),

a(S ⊔⊔ R) = a(S) ⊔⊔ a(R).

If 〈S |1T ∗
n
〉 = 1 then a(S) is its inverse for conc, i.e.

Sa(S) = a(S)S = 1T ∗
n
and then a(eL) = e−L, for L ∈ LieA〈〈Tn〉〉.
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integral ring A.

Let r be the right normed bracketing defined by r(1T ∗
n
) = 0 and

r(t1 . . . tk) = [t1, [. . . , [tk−1, tk ] . . .] = adt1 . . . adtk−1
tk .

Let the product ⊔⊔ be defined, for any x , y ∈ Tn and u, v ∈ T ∗n , by
u⊔⊔1T ∗

n
= 1T ∗

n
⊔⊔u = u and xu⊔⊔yv = x(u⊔⊔yv) + y(v⊔⊔xu), or

equivalently, ∆⊔⊔ x = x ⊗ 1T ∗
n
+ 1T ∗

n
⊗ x .

Let |v |t be the number of occurrences of t in v = t1 . . . tm ∈ T
∗
n and

ṽ = tm . . . t1, a(v) = (−1)|v|ṽ , v̂ = ⊔⊔

t∈Tn

t |v|t .

Hence, for any S and R ∈ A〈〈Tn〉〉,

a(S) =
∑

w∈T ∗
n

〈S |w〉a(w) and

{
a(SR) = a(R)a(S),

a(S ⊔⊔ R) = a(S) ⊔⊔ a(R).

If 〈S |1T ∗
n
〉 = 1 then a(S) is its inverse for conc, i.e.

Sa(S) = a(S)S = 1T ∗
n
and then a(eL) = e−L, for L ∈ LieA〈〈Tn〉〉.
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PBW-CQMM theorems and bases in (A〈Tn〉, ⊔⊔, 1T ∗n ,∆conc)

Let {bi}i∈I be a basis of LieA〈Tn〉. Let
4 {bα}α∈N(I ) be the associated

PBW basis of the enveloping algebra U(LieA〈Tn〉).

By CQMM theorem, the dual basis {b̌α}α∈N(I ) of the associative
commutative algebra U(LieA〈Tn〉)

∨ is constructed as follows 5

b̌αb̌β =
(α+ β)!

α!β!
b̌α+β and b̌α(i1)mi1

+···+α(ik )mik
=

b̌
α(i1)
mi1

α(i1)!
· · ·

b̌
α(ik )
mik

α(ik)!
.

〈bβ |b̌α〉 = δα,β and, on End(U(LieA〈Tn〉)), IdU(LieA〈Tn〉) =
∏
i∈I

e b̌
ei⊗bei .

If U(LieA〈Tn〉) is endowed with the PBW basis {Pw}w∈T ∗
n
, containing

the basis {Pl}l∈LynTn of LieA〈Tn〉, and U(LieA〈Tn〉)
∨ with {Sw}w∈T ∗

n
,

containing the transcendence basis {Sl}l∈LynTn of (A〈Tn〉, ⊔⊔ , 1T ∗
n
) then

DTn :=
∑

w∈T ∗
n

w ⊗ w =
∑

w∈T ∗
n

Sw ⊗ Pw =
ց∏
LynTn

eSl⊗Pl .

4. using the elementary multiindex, mi ∈ N(I ), defined by mi (j) = δi,j (for
i , j ∈ I ) and, the multiindex notation, i.e.

∀α ∈ N(I ), supp(α) ⊂ {i1, · · · , in}, bα = b
α(i1)
i1

· · · b
α(in)
in

.

5. ∀α ∈ N(I ), α! =
∏

i∈I αi !.
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From partitioning of Tn to Lazard’s elimination . . .
Let Tn := {tj,n}1≤j≤n−1 s.t. Tn = Tn ⊔ Tn−1.

Example
T4 = {t1,2, t1,3, t1,4, t2,3, t2,4, t3,4}, one has T4 = {t1,4, t2,4, t3,4} and T3.
T3 = {t1,2, t1,3, t2,3}, one has T3 = {t1,3, t2,3} and T2 = {t1,2}.

Let In be the Lie subalgebra generated by {r(vt)} v∈T∗
n

t∈Tn−1

. Then

LieA〈Tn〉 = LieA〈Tn〉 ⊕ In.

As Lie algebra, In is obviously a Leibniz algebra 6 and then I∨n is
generated by {a(vt)} v∈T∗

n
t∈Tn−1

, being a Zinbiel subalgebra of (A〈Tn〉, ⊔⊔

2

),

where the half-shuffle product is defined by (t ∈ Tn,R ,H ∈ A〈〈Tn〉〉)

1T ∗
n

⊔⊔

2

(tH) = 0 and (tH)⊔⊔
2

R =

{
tH if R = 1T ∗

n
,

t(H⊔⊔R) if R 6= 1T ∗
n
.

Example (T3 = {t1,2, t1,3, t2,3})
(t1,3t1,2)⊔⊔

2

t2,3 = t1,3(t1,2⊔⊔t2,3) = t1,3t1,2t2,3 + t1,3t2,3t1,2,

(t1,3t
∗
1,2)⊔⊔

2

t2,3 = t1,3(t
∗
1,2⊔⊔t2,3) = t1,3t

∗
1,2t2,3t

∗
1,2.

7

6. i.e. ∀x , y , z ∈ In, the identity [x , [y , z]] = [[x , y ], z]− [[x , z], y ] holds.
7. ∀S ∈ A〈〈Tn〉〉, 〈S |1T ∗

n
〉 = 0, S∗ = 1T ∗

n
+ S + S2 + . . . .
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. . . and to Loday’s generalized bialgebras
Half-shuffle is not associative but satisfies the following identities

∀P ,Q,R ∈ A〈〈Tn〉〉, (P⊔⊔

2

Q)⊔⊔
2

R = P⊔⊔

2

(Q⊔⊔

2

R) + P⊔⊔

2

(R⊔⊔

2

Q).

More generally, for any ui ∈ T
+
n and li ∈ LynTn, 1 ≤ i ≤ k ∈ N≥1,

k
⊔⊔

i=1
ui =

∑
σ∈Sk

uσ(1)⊔⊔
2

(. . . (⊔⊔
2

uσ(k))),
k
⊔⊔

i=1
Sli =

∑
σ∈Sk

Slσ(1)
⊔⊔

2

(. . . (⊔⊔
2

Slσ(k)
)).

⊔⊔ is a symmetrized product of ⊔⊔

2

, i.e. (x , y ∈ Tn, u, v ∈ Tn,P ,Q ∈ A〈〈Tn〉〉)

(xu)⊔⊔(yv) = (xu)⊔⊔
2

(yv) + (yv)⊔⊔
2

(xu) and then P⊔⊔Q = P⊔⊔

2

Q + Q⊔⊔

2

P .

Example (t1, t2 ∈ Tn and w1,w2 ∈ T
+
n )

t1w1⊔⊔t2w2 = t1(w1⊔⊔t2w2) + t2(w2⊔⊔t1w1) = t1w1⊔⊔

2

t2w2 + t2w2⊔⊔

2

t1w1.

Let also ∆⊔⊔

2

be defined, for any t ∈ Tn and w ∈ T ∗n , by

∆⊔⊔

2

1T ∗
n
= 1T ∗

n
⊗ 1T ∗

n
, ∆⊔⊔

2

t = t ⊗ 1T ∗
n
, ∆⊔⊔

2

(tw) = ∆⊔⊔

2

(t)∆⊔⊔ (w),

and then, for P ,Q ∈ A〈Tn〉, ∆⊔⊔

2

P = 〈P |1T ∗
n
〉1T ∗

n
⊗ 1T ∗

n
+

∑
v∈T +

n

〈P |v〉∆⊔⊔

2

v ,

∆conc(P⊔⊔

2

Q) = ∆concP⊔⊔

2

⊗⊔⊔

2

∆concQ, ∆⊔⊔

2

(PQ) = ∆⊔⊔

2

P∆⊔⊔Q.

Z⊔⊔

2

(Tn) := (A〈Tn〉, ⊔⊔

2

,∆conc) and Zconc(Tn) := (A〈Tn〉, conc,∆⊔⊔

2

).
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(xu) and then P⊔⊔Q = P⊔⊔

2

Q + Q⊔⊔

2

P .

Example (t1, t2 ∈ Tn and w1,w2 ∈ T
+
n )

t1w1⊔⊔t2w2 = t1(w1⊔⊔t2w2) + t2(w2⊔⊔t1w1) = t1w1⊔⊔

2

t2w2 + t2w2⊔⊔

2

t1w1.

Let also ∆⊔⊔

2

be defined, for any t ∈ Tn and w ∈ T ∗n , by

∆⊔⊔

2

1T ∗
n
= 1T ∗

n
⊗ 1T ∗

n
, ∆⊔⊔

2

t = t ⊗ 1T ∗
n
, ∆⊔⊔

2

(tw) = ∆⊔⊔

2

(t)∆⊔⊔ (w),

and then, for P ,Q ∈ A〈Tn〉, ∆⊔⊔

2

P = 〈P |1T ∗
n
〉1T ∗

n
⊗ 1T ∗

n
+

∑
v∈T +

n

〈P |v〉∆⊔⊔

2

v ,

∆conc(P⊔⊔

2

Q) = ∆concP⊔⊔

2

⊗⊔⊔

2

∆concQ, ∆⊔⊔

2

(PQ) = ∆⊔⊔

2

P∆⊔⊔Q.

Z⊔⊔

2

(Tn) := (A〈Tn〉, ⊔⊔

2

,∆conc) and Zconc(Tn) := (A〈Tn〉, conc,∆⊔⊔

2

).



Other dual bases in bialgebras
B := {adk1−Tn

t1 . . . ad
kp
−Tn

tp}
k1,...,kp≥0,p≥1
t1,...,tp∈Tn−1

= {(−1)|v1...vk|r(v1t1) · · · r(vptp)}
p≥1
v1,...,vp∈T∗

n
t1,...,tp∈Tn−1

,

B∨ := {(−t1T
k1
n )⊔⊔ · · · ⊔⊔(−tpT

kp
n )}

k1,...,kp≥0,p≥1
t1,...,tp∈Tn−1

= {a(u1t1)⊔⊔ · · · ⊔⊔a(uptp)}
p≥1
u1,...,up∈T∗

n
t1,...,tp∈Tn−1

.

For any v1, v2 ∈ T ∗n and t1, t2 ∈ Tn−1, 〈a(v1t1)|r(v2t2)〉 = δv2t2v1t1 . Hence,

In ≃ (spanA{r(vt)} v∈T∗
n

t∈Tn−1

, [, ]) and then, by duality,

I∨n ≃ (spanA{−tu} u∈T∗
n

t∈Tn−1

, ⊔⊔) ≃ (spanA{a(vt)} v∈T∗
n

t∈Tn−1

, ⊔⊔

2

).

For any u1, . . . , up, v1, . . . , vp ∈ T ∗n and x1, . . . , xp, y1, . . . , yp ∈ Tn−1,
〈a(u1x1)⊔⊔

2

(· · · ⊔⊔
2

a(upxp) . . .))|r(v1y1) . . . r(vpyp)〉 = δ
v1y1...vpyp
u1x1...upxp . Hence,

U(In) ≃ spanA{(−1)
|v1...vk|r(v1t1) · · · r(vptp)}

p≥1
v1,...,vp∈T∗

n
t1,...,tp∈Tn−1

,

U(In)
∨ ≃ spanA{a(u1t1)⊔⊔ · · · ⊔⊔a(uptp)}

p≥1
u1,...,up∈T∗

n
t1,...,tp∈Tn−1

≃ spanA{a(v1t1)⊔⊔
2

(· · · ⊔⊔
2

a(vptp) . . .))}
p≥1
v1,...,vp∈T∗

n
t1,...,tp∈Tn−1

.

Proposition
U(LieA〈Tn〉) and U(LieA〈Tn〉)

∨ admit T ∗n B and T ∗n ⊔⊔B∨ as dual bases.



Factorizations of grouplike series in bialgebras

If A〈〈Tn〉〉 ∋ S is grouplike then, as image of DTn by S ⊗ Id,

S =
∑

w∈T ∗
n

〈S |w〉w =
∑

w∈T ∗
n

〈S |Sw 〉Pw =
ց∏
LynTn

e〈S|Sl 〉⊗Pl .

S−1 = a(S) =
ւ∏

l∈LynTn

a(e〈S|Sl 〉Pl ) =
ւ∏

l∈LynTn

e−〈S|Sl 〉Pl .

Theorem
The diagonal series can be factorized as follows 8

DTn = DTn

(
1T ∗

n
⊗ 1T ∗

n
+

∑
k≥1

∑
v1,...,vk∈T∗

n
t1,...,tk∈Tn−1

a(v1t1)⊔⊔
2

(· · · ⊔⊔
2

a(vk tk) . . .))⊗ r(v1t1) . . . r(vk tk)
)
.

Ordering by t1,k ≻ . . . ≻ tk−1,k , T2 ≻ . . . ≻ Tn, LynT2 ≻ . . . ≻ LynTn,
it can be also factorized as follows

DTn =
ց∏

l∈LynTn

eSl⊗Pl = DTn−1

( ց∏
l=l1 l2

l2∈LynTn−1,l1∈LynTn

eSl⊗Pl

)
DTn

.

8. By the standard factorization, LynTn−1 ≻ LynTn.LynTn−1 ≻ LynTn.
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UNIVERSAL DIFFERENTIAL EQUATION
AND UNIVERSAL CONNECTION



Universal differential equation

V : the simply connected manifold on Cn. The pushforward (resp.
pullback) of any diffeomorphism g on V is denoted by g∗ (resp. g

∗).
A = (H(V), ∂1, . . . , ∂n) : the differential ring (Const(A) = C.1H(V)) of
holomorphic functions (with 1H(V) as the neutral element) on V.
Let C be a sub differential ring of A (i.e. ∂iC ⊂ C, 1 ≤ i ≤ n).

For any f ∈ A, one has df = (∂1f )dz1 + . . .+ (∂nf )dzn. Then
9

∀S ∈ A〈〈Tn〉〉, ∂iS =
∑

w∈T ∗
n

(∂i 〈S |w〉)w , dS =
∑

1≤i≤n

(∂iS)dzi .

In (A〈〈Tn〉〉, ∂1, . . . , ∂n) (Const(A〈〈Tn〉〉) = C〈〈Tn〉〉), let us consider

(NCDE ) dS = MnS , where Mn =
∑

1≤i<j≤n

ωi,j ti,j ∈ Ω1(V)〈Tn〉,

where ωi,j = dξi,j is a holomorphic 1-form 10 belonging to Ω1(V).

Example (ξi ,j(z) = log(zi − zj), 1 ≤ i < j ≤ n)

Let C0 := C[{(∂1ξi,j)
±1, . . . , (∂nξi,j)

±1}1≤i<j≤n]. Then ∂kC0 ⊂ C0, 1 ≤ k ≤ n.

9. Recall that {〈S |w〉}w∈T ∗
n

commute with {w}w∈T ∗
n
.

10. C ∋ ξi,j is a primitive for ωi,j . It is exact and then is a closed, i.e. dωi,j = 0.
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Universal connection

←→Tn︷ ︸︸ ︷
{xk}1≤j≤n(n−1)/2 s.t.





Mn =
∑

1≤i<j≤n

ωi,j ti,j =
n(n−1)/2∑

k=1

Fkxk =
n∑

l=1

Aldzl ,

Fk =
n∑

l=1

fl,kdzl and then Al =
n(n−1)/2∑

k=1

fl,kxk .

If 0 6= S ∈ A〈〈Tn〉〉 and S satisfies NCDE then

dS = MnS =
n∑

l=1

(∂lS)dzl , with ∂lS = AlS .

Moreover, ∂i∂jS = ∂j∂iS and then ∂j∂iS = ((∂jAi ) + AiAj)S , 1 ≤ i , j ≤ n.

It follows that ∂iAj − ∂jAi + [Ai ,Aj ] = 0, for 1 ≤ i , j ≤ n.
Or equivalently 11, dMn −Mn ∧Mn = 0.

This induces an ideal, Jn, of relators among {ti,j}1≤i<j≤n and then
solution can be computed over H(V)〈〈Tn〉〉 and then over H(V)〈〈Tn〉〉/Jn.

Tn = Tn ⊔ Tn−1 ←→ Mn = M̄n +Mn−1, where M̄n =
n−1∑
k=1

ωk,ntk,n.

11. Mn is said to be flat and NCDE is said to be completely integrable.
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Iterated integrals and Chen series
Let ς  z denotes a path over V (with fixed endpoints, (ς, z)) :
γ : [0, 1] −→ V s.t. γ(0) = ς = (ς1, . . . , ςn) and γ(1) = z = (z1, . . . , zn).
The iterated integrals, of {ωi,j}1≤i<j≤n and along ς  z , are defined by

αz
ς (1T ∗

n
) = 1H(V), ∀ti,ju ∈ T

∗
n , αz

ς (ti,ju) =
z∫
ς

ωi,j(s)α
s
ς(v).

The Chen series, of {ωi,j}1≤i<j≤n and along ς  z , is defined by

Cς z :=
∑

w∈T ∗
n

αz
ς (w)w =

ց∏
l∈LynTn

eα
z
ς (Sl )Pl

which can be obtained by Picard’s iteration 12 :

F0 = 1T ∗
n
, ∀i ≥ 1, Fi (ς, z) = Fi−1(ς, z) +

z∫
ς

MnFi−1(ς, s).

Let g be a diffeomorphism on V . The Chen series, of {g∗ωi,j}1≤i<j≤n

and along ς  z , or equivalently, of {ωi,j}1≤i<j≤n and along g∗ς  z :

Cg∗ς z =
∑
m≥0

∑
ti1,j1 ...tim,jm∈T

∗
n

z∫
ς

g∗ωi1,j1(s1) . . .
sm−1∫
ς

g∗ωim,jm(sm)ti1,j1 . . . tim,jm

which can be obtained by Picard’s iteration with F ∗0 = 1T ∗
n
and for i ≥ 1,

F ∗i−1(ς, z) +
z∫
ς

M∗nF
∗
i−1(ς, s), where M∗n =

∑
1≤i<j≤n

g∗ωi,j ti,j .

12. which is convergent for the discrete topology.
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and along ς  z , or equivalently, of {ωi,j}1≤i<j≤n and along g∗ς  z :

Cg∗ς z =
∑
m≥0

∑
ti1,j1 ...tim,jm∈T

∗
n

z∫
ς

g∗ωi1,j1(s1) . . .
sm−1∫
ς

g∗ωim,jm(sm)ti1,j1 . . . tim,jm

which can be obtained by Picard’s iteration with F ∗0 = 1T ∗
n
and for i ≥ 1,

F ∗i−1(ς, z) +
z∫
ς

M∗nF
∗
i−1(ς, s), where M∗n =

∑
1≤i<j≤n

g∗ωi,j ti,j .

12. which is convergent for the discrete topology.
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Sequences of grouplike series for Chen series

Let {Vk}k≥0 and {V̂k}k≥0 satisfy to the following recursion

∀k ≥ 1, Fk(ς, z) = F0(ς, z)
∑

ti,j∈Tn−1

z∫
ς

ωi,j(s)F
−1
0 (ς, s)ti,jFk−1(ς, s),

with the starting conditions, as being ⊔⊔-grouplike series,

V0(ς, z) =
ց∏

l∈LynTn

eα
z
ς (Sl )Pl and V̂0 = V0 mod [LieA〈〈Tn〉〉,LieA〈〈Tn〉〉].

∑
k≥0

Vk and
∑
k≥0

V̂k

{
Do they converge ?
What are their limit ?

Let ϕTn
:= ead−V0 and ϕ̂Tn

:= e
ad−V̂0 be the conc-morphisms defined by

ϕ
(ς,z)
Tn

(w) = ϕ
(ς,s1)
Tn

(ti1) · · ·ϕ
(ς,sk )
Tn

(tik ), ϕ̂
(ς,z)
Tn

(w) = ϕ̂
(ς,s1)
Tn

(ti1) · · · ϕ̂
(ς,sk )
Tn

(tik ),

for w = ti1 . . . tik ∈ T
∗
n−1 and subdivision (ς, s1, . . . , sk , z) of ς  z .

Let also ϕn(t) = ϕTn
(t) mod Jn and ϕ̂n(t) = ϕ̂Tn

(t) mod Jn (t ∈ Tn).

Let H(ς, z) := (αz
ς ⊗ Id)λDTn−1

and Ĥ(ς, z) := (αz
ς ⊗ Id)λ̂DTn−1

, where

λ, λ̂ : (A〈Tn−1〉⊗̂A〈Tn−1〉, conc⊗conc) −→ (A〈Tn〉⊗̂A〈Tn〉, ⊔⊔

2

⊗conc),

defined on the letters by
λ(t ⊗ t) =

∑
v∈T∗

n

a(vt)⊗ r(vt) and λ̂(t ⊗ t) =
∑

v∈T∗
n

a(v̂ t)⊗ r(vt).
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Volterra expansion like

H(ς, z) = 1T ∗
n
+

∑
k≥1

∑
ti1,j1 ...tik ,jk∈T

∗
n−1

z∫
ς

ωi1,j1(s1)ϕ
(ς,s1)
Tn

(ti1,j1) . . .
sk−1∫
ς

ωik ,jk (sk)ϕ
(ς,sk )
Tn

(tik ,jk ),

Ĥ(ς, z) = 1T ∗
n
+

∑
k≥1

∑
ti1,j1 ...tik ,jk∈T

∗
n−1

z∫
ς

ωi1,j1(s1)ϕ̂
(ς,s1)
Tn

(ti1,j1) . . .
sk−1∫
ς

ωik ,jk (sk)ϕ̂
(ς,sk )
Tn

(tik ,jk ).

Theorem
For any w ∈ T ∗n−1, there is κw = V0ϕTn

(w) and κ̂w = V̂0ϕ̂Tn
(w) s.t.

Vk(ς, z) =
∑

w=ti1,j1 ...,tik ,jk∈T
∗
n−1

z∫
ς

ωi1,j1(s1) · · ·
sk−1∫
ς

ωik ,jk (sk)κw (z , s),

V̂k(ς, z) =
∑

w=ti1,j1 ...,tik ,jk∈T
∗
n−1

z∫
ς

ωi1,j1(s1) · · ·
sk−1∫
ς

ωik ,jk (sk)κ̂w (z , s).

∑
k≥0

Vk = V0H,
∑
k≥0

V̂k = V̂0Ĥ, Cς z = V0(ς, z)H(ς, z).

Using ϕn and ϕ̂n, i.e. reducing by Jn, analogous results hold.
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Normalized Chen series as image of diagonal series
F• : (C〈Tn〉, ⊔⊔ , 1T ∗

n
) −→ (H(V),×, 1H(V)) is the ⊔⊔-character defined by

F1T ∗
n
= 1H(V), for any ti,j ∈ Tn, Fti,j (z) = log(zi − zj) and

∀w ∈ LynTn \ Tn, Fti,jw (z) =
z∫
0

ωi,j(s)Fw (s), ωi,j(z) = d log(zi − zj).

As image by F• ⊗ Id of DTn , the graph of F• is expressed as follows

Proposition

FKZn
=

ց∏
l∈LynTn−1

eFSl
Pl

( ց∏
l=l1 l2

l2∈LynTn−1,l1∈LynTn

eFSl
Pl

) ց∏
l∈LynTn

eFSl
Pl

=
ց∏

l∈LynTn

eFSl
Pl

(
1T ∗

n
+

∑
k≥1

∑
v1,...,vk∈T∗

n
t1,...,tk∈Tn−1

Fa(v1t1)⊔⊔

2

...⊔⊔
2

a(vk tk )r(v1t1) . . . r(vk tk)
)
.

Modulo [LieA〈〈Tn〉〉,LieA〈〈Tn〉〉], one also has

FKZn
≡ e

∑
t∈Tn

Ft t
(
1T ∗

n
+

∑
k≥1

∑
v1,...,vk∈T∗

n
t1,...,tk∈Tn−1

Fa(v̂1t1)⊔⊔

2

(...⊔⊔
2

(a(v̂k tk ))...)r(v1t1) . . . r(vk tk)
)
.
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Solution of KZn (n ≥ 4) by dévissage

Mn = M̄n +Mn.
For 13 zn → zn−1, let s = zn and sk = zn − zk (1 ≤ k ≤ n − 1). Then

M̄n =
n−1∑
k=1

d log(zn − zk)tk,n ∼zn→zn−1
Nn−1(s) =

n−1∑
k=1

d log(s − zk)tk,n.

Theorem
For zn → zn−1, ⊔⊔ -grouplike solution of dS = MnS can be put in the form

h(zn)H(z1, . . . , zn−1) such that,

1. h satisfies df = Nn−1f . Hence, h(zn) ∼zn→zn−1
(zn−1 − zn)

tn−1,n .

2. Letting (Pi,j) : zi − zj = 1, for i 6= j , H satisfies dS = M
ϕn

n−1S, where

M
ϕ(z0,z)

n

n−1 (z) =
∑

1≤i<j≤n−1

d log(zi − zj) ϕ
(z0,z)
n (ti,j)

exactly coincides with Mn−1 in
⋂

1≤k<n−1

(Pk,n−1) and

ϕ
(z0,z)
n (ti,j) ∼zn→zn−1

e
ad− log(zn−1−zn))tn−1,n ti,j mod JRn

.

Conversely, for zn → zn−1, if h satisfies df = Nn−1f and H satisfies

dS = M
ϕn

n−1S then h(zn)H(z1, . . . , zn−1) is solution of dS = MnS.

13. {zk}1≤k≤n−1 are fixed, zn variates moving to zn−1 and d(zn − zk) = dzn = ds.
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n−1S then h(zn)H(z1, . . . , zn−1) is solution of dS = MnS.

13. {zk}1≤k≤n−1 are fixed, zn variates moving to zn−1 and d(zn − zk) = dzn = ds.



Solution of KZn (n ≥ 4) satisfying asymptotic conditions

The previous theorem holds for zn → zn−1 and can be recursively
performed for dévissage.
Up to a permutation, it can be adapted for other cases. Hence,

Corollary
In A〈〈Tn〉〉/JRn

, the unique ⊔⊔-grouplike solution of NCDE, FKZn
, satisfies

FKZn
(z) ∼ zi zi−1

2<i≤n

(zi−1 − zi )
ti−1,iGi (z1, . . . , zi−1, zi+1, . . . , zn)

and Gi satisfies dS = M
ϕn

n−1S and, putting y1 = z1, . . . , yi−1 = zi−1,
yi = zi+1, . . . , yn−1 = zn, one has

M
ϕ(y0,y)

n

n−1 (y) =
∑

1≤i<j≤n−1

d log(yi − yj) e
ad− log(yi−yn)ti,n ti,j mod JRn

and exactly coincides with Mn−1 in
⋂

1≤k<n−1

(Pk,n−1).

One obtains results for dS = ΩnS by changing ti,j ← ti,j/2iπ, 1 ≤ i < j ≤ n :
Mn ← Ωn, M̄n ← Ω̄n, M̄n−1 ← Ω̄n−1.
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